Constructing Lie algebra homology classes  by Pouseele, Hannes & Tirao, Paulo
Journal of Algebra 292 (2005) 585–591
www.elsevier.com/locate/jalgebra
Constructing Lie algebra homology classes
Hannes Pouseele a, Paulo Tirao b,∗
a Katholieke Universiteit Leuven (KULAK), Belgium
b CIEM–FaMAF, Universidad Nacional de Córdoba, 5000 Córdoba, Argentina
Received 1 August 2004
Available online 24 August 2005
Communicated by Alexander Lubotzky
Abstract
We construct homology classes for split metabelian Lie algebras. The Toral Rank Conjecture
follows for this family. We exhibit the first nontrivial examples, of nongraded algebras in any di-
mension  10, for which the conjecture holds.
 2005 Elsevier Inc. All rights reserved.
For finite-dimensional complex Lie algebras, the construction of homology classes is a
general problem of interest. The class of nilpotent Lie algebras deserves particular atten-
tion, since what is known suggests that their homology is “big” in contrast to the homology
of, for instance, solvable Lie algebras. In this direction the Toral Rank Conjecture (TRC)
[6] asserts that dimH∗(n) 2dimz for any finite-dimensional complex nilpotent Lie alge-
bra n with center z.
A motivation for our construction of homology classes is finding reasons for the validity
of the TRC. This conjecture is known to hold for algebras of small dimension or with
a center of small (co)dimension, for 2-step nilpotent Lie algebras and for some graded
algebras (see [1–3,5,7,8]). In most cases, the proof is based on combinatorial arguments
which do not construct homology classes.
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algebras g starting from the exterior algebra of the center of g. This construction directly
yields a proof of the TRC for this class of algebras. This class is rich, it contains nilpotent
Lie algebras of any nilpotency class. In particular, the algebras with an abelian ideal of
codimension 1 considered in [2] and [1] are contained in this class. We exhibit in any
dimension  10 a nilpotent Lie algebra with an abelian ideal of codimension 2, a large
nilpotency class, a big center and, most importantly, without a grading. These examples
are the first ones of nilpotent Lie algebras for which the TRC holds, but whose proof is
constructive and does not rely on combinatorial arguments.
We came across this construction while searching for general methods to construct ho-
mology classes for nilpotent Lie algebras. We hope to complete more general methods in
the near future.
Recently and independently, in [4], the central representation Λz → EndH ∗(g) was
considered as an attempt to relate the exterior algebra of the center z of a Lie algebra g
with its cohomology ring. If g is nilpotent and the representation is faithful, then the TRC
follows for g. However, all the examples in [4] fall into the classes for which the TRC is
already known. Using our construction and [4, Lemma 4.1] is not difficult to show that the
central representation is faithful for split metabelian Lie algebras.
1. The construction
Let g be a finite-dimensional complex split metabelian Lie algebra, a a maximal abelian
ideal of g and h an abelian subalgebra such that g = a ⊕ h. Let {h1, . . . , hm} be a basis of
h and {a1, . . . , az} a basis of the center z of g. Notice that z ⊆ a.
Theorem 1. For each 1 p  z, the linear map Φp :Λpz → Λp+mg defined by
Φp(ai1 ∧ · · · ∧ aip ) = ai1 ∧ · · · ∧ aip ∧ h1 ∧ · · · ∧ hm
induces an injective linear map
Φp :Λ
pz → Hp+m(g).
Proof. We compute H∗(g) of g as the homology of the complex (Λ∗g, ∂), where
∂ :Λpg → Λp−1g is defined by
∂p(x1 ∧ · · · ∧ xp) =
∑
i<j
(−1)i+j+1[xi, xj ] ∧ x1 ∧ · · · ∧ xˆi ∧ · · · ∧ xˆj ∧ · · · ∧ xp.
Since all aij are central and [hi, hj ] = 0, we know that
∂p+m
(
Φp(ai ∧ · · · ∧ aip )
)= 0.1
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Now, if for any 0 j m we set Wj = Λz ⊗ Λjh, then
Λg =
m⊕
j=0
Wj and ∂(Wj ) ⊆ Wj−1.
Since clearly ImΦp ⊆ Wm and Wm ∩ Im ∂ = 0, it follows that Φp is injective. 
Corollary 2. The TRC holds for (nilpotent) split metabelian Lie algebras n. Moreover, if
the center of n is of dimension z, then, for each 0 p  z,
dimHp+m(n)
(
z
p
)
.
Remark 3. This construction carries over analogously to the case of adjoint coefficients.
The linear map Ψp = Φp ⊗ Id :Λpz ⊗ h → Λp+mg ⊗ h induces an injective linear map
Ψp :Λ
pz ⊗ h → Hp+m(g,g).
The class of split metabelian Lie algebras already contains large families of nilpotent
Lie algebras of any nilpotency class. In particular, all Lie algebras with an abelian ideal of
codimension 1 are of this type.
Below we exhibit examples of nilpotent Lie algebras with an abelian ideal of codi-
mension 2, large nilpotency class, a big center and, most relevant, which do not admit a
(natural) grading. Notice that nilpotent Lie algebras with a codimension 1 abelian ideal
admit a grading with the center in the last (nontrivial) graded piece.
2. The examples
Let h = 〈h1, h2〉 be a two-dimensional complex abelian Lie algebra and for each
k,m ∈ N, with k  3, consider C2k+2m as an abelian Lie algebra with ordered basis
B′ = {x1, . . . xk, y1, . . . , yk, z1,1, z1,2, . . . , zm,1, zm,2}.
Let ρ :h → gl(C2k+2m) be the linear map defined by
ρ(h1) =


Nk 0k×k 0k×2 . . . 0k×2
0k×k Nk 0k×2 . . . 0k×2
02×k 02×k N2 . . . 02×2
...
...
...
. . .
...

 ,02×k 02×k 02×2 . . . N2
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

Mk Ik Lk . . . Lk
0k×k 0k×k 0k×2 . . . 0k×2
02×k 02×k 02×2 . . . 02×2
...
...
...
...
...
02×k 02×k 02×2 . . . 02×2

 ,
where 0p×q is the zero matrix of size p × q , Ik is the identity matrix of size k, Lk is the
matrix of size k × 2 with all entries equal zero but Lk(1,2) = 1 and the matrices Nk and
Mk are defined by
Nk(i, j) =
{
1, if j = i + 1,
0, otherwise,
and Mk(i, j) =


1, if j = i + 1,
1, if j = i + 2,
0, otherwise.
Since Nk and Mk commute and NkLk = LkN2, ρ(h1) and ρ(h2) commute and therefore,
ρ is a representation of h.
Let us consider now the Lie algebra nk,m = h  C2k+2m, where the action of h on
C
2k+2m is given by ρ. If we take B = {h1, h2} ∪B′ as a basis for nk,m, it is immediate that
the only nonzero brackets, of basis elements, are
[h1, xi] = xi−1 for 2 i  k, [h2, x2] = x1,
[h1, yi] = yi−1 for 2 i  k, [h2, xi] = xi−1 + xi−2 for 3 i  k,
[h1, zi,2] = zi,1 for 1 i m, [h2, yi] = xi for 1 i  k,
[h2, zi,2] = x1 for 1 i m.
Clearly nk,m has dimension 2+2k+2m, C2k+2m is a maximal abelian ideal of codimen-
sion 2, its center is of dimension m + 1 and is generated by {x1, z1,1, . . . , zm,1} and nk,m
has no abelian factors. Furthermore, nk,m is nilpotent of class k + 1. Indeed, if Ci is the ith
term of the lower central series of nk.m, that is C2 = [nk,m,nk,m] and Ci = [nk,m,Ci−1] for
i > 2, then it is not difficult to check that
C2 =
〈{x1, . . . , xk−1, y1, . . . , yk−1, z1,1, . . . , zm,1, xk}〉,
C3 =
〈{x1, . . . , xk−1, y1, . . . , yk−2}〉,
...
Ci =
〈{x1, . . . , xk−i+2, y1, . . . , yk−i+1}〉,
...
Ck+1 =
〈{x1}〉,
Ck+2 = 0. (†)
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space decomposition
g = a1 ⊕ · · · ⊕ ak
such that [ai, aj ] ⊆ ai+j . If g is graded, then the linear map d : g → g which is multiplica-
tion by i on ai , that is d(a) = ia if a ∈ ai , is a nonsingular derivation of g.
Proposition 4. The nilpotent split metabelian Lie algebra nk,m (k,m ∈ N, k  3) does not
admit any natural grading.
Proof. We shall show that the image of any derivation is contained in the maximal abelian
ideal C2k+2m, and hence all derivations are singular.
Since all derivations preserve [nk,m,nk,m] and nk,m = [nk,m,nk,m] ⊕ 〈{h1, h2, yk, z2,1,
. . . , z2,m}〉 it suffices to show that D(h1), D(h2), D(yk) and D(z2,i ) lie in C2k+2m for
i = 1, . . . ,m.
To check that D(yk) ∈ C2k+2m assume that D(yk) = ah1 + bh2 + c, with c ∈ C2k+2m.
Since [x3, yk] = 0, it follows that 0 = D([x3, yk]) = [D(x3), yk] + [x3,D(yk)] =
[x3,D(yk)]. But [x3,D(yk)] = −ax2 − b(x1 + x2), hence a = b = 0. Analogously one
checks that D(z2,i ) ∈ C2k+2m, for all i.
With these two facts in mind, and by considering the structure of the lower central series
of nk,m (†) it follows that the matrix of D, with respect to the basis B, has the following
block structure:


e1,1 e1,2 0 · · · · · · · · · 0 0 · · · · · · · · · 0 0 · · · 0
e2,1 e2,2 0 · · · · · · · · · 0 0 · · · · · · · · · 0 0 · · · 0
∗ ∗ a1,1 a1,2 . . . a1,k−1 a1,k c1,1 c1,2 . . . c1,k−1 c1,k ∗ . . . ∗
...
... 0 a2,2 . . . a2,k−1 a2,k c2,1 c2,2 . . . c2,k−1 c2,k
...
...
...
... 0 0 . . . a3,k−1 a3,k 0 c3,2 . . . c3,k−1 c3,k
...
...
...
...
...
...
. . .
...
...
...
...
. . .
...
...
...
...
∗ ∗ 0 0 . . . 0 ak,k 0 0 . . . ck,k−1 ck,k ∗ . . . ∗
∗ ∗ 0 b1,2 . . . b1,k−1 b1,k ∗ . . . . . . . . . ∗ ∗ . . . ∗
...
... 0 0 . . . b2,k−1 b2,k
...
...
...
...
...
...
...
...
. . .
...
...
...
...
...
...
...
... 0 0 . . . 0 bk−1,k
...
...
...
...
∗ ∗ 0 0 . . . 0 0 ∗ . . . . . . . . . ∗ ∗ . . . ∗
∗ ∗ ∗ . . . . . . . . . ∗ ∗ . . . . . . . . . ∗ ∗ . . . ∗
...
...
...
...
...
...
...
...
∗ ∗ ∗ . . . . . . . . . ∗ ∗ . . . . . . . . . ∗ ∗ . . . ∗


.
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[u,Dv]. Since D is a derivation,
R(u, v,w) = 0 for all u,v,w ∈ B.
We show first that ei,j = 0 for 1 i, j  2. Being
R(h1, y1, x1) = −e2,1 − c2,1,
R(h1, yi, xi) = ci,i−1 − e2,1 − ci+1,i , for 2 i  k − 1,
R(h1, yk, xk) = ck,k−1 − e2,1,
it follows that ck,k−1 = e2,1 = −(k − 1)e2,1 and therefore e2,1 = 0. Also, since
R(h2, x3, y1) = b1,2,
R(h2, y2, y1) = b1,2 − e1,2,
it follows that e1,2 = 0.
Now, on the one hand
R(h1, xi, xi−1) = ai−1,i−1 − e1,1 − ai,i for 2 i  k,
from which it follows that ai,i = ak,k + (k − i)e1,1 for 2 i  k. On the other hand,
R(h2, x2, x1) = a1,1 − e2,2 − a2,2,
R(h2, x3, x1) = a1,1 + a1,2 − e2,2 − a2,3 − a3,3 − b1,3,
and hence we find e1,1 = e2,2 = b1,3 + a2,3 − a1,2. But
R(h1, x3, x1) = a1,2 − a2,3,
R(h2, y3, y1) = b1,3,
so e2,2 = e1,1 = 0. 
Remark 5. The algebras nk,m are of even dimension. However, one can generalize these
examples to obtain odd-dimensional Lie algebras by adding a new basis vector z′ and
extending the bracket by
[h2, z′] = x1.
The resulting algebra is nilpotent of class k + 1, its center has dimension m + 2 (z′ − y1
is a new central element) and do not admit any grading as well. Therefore we have such
algebras in any dimension  10.
H. Pouseele, P. Tirao / Journal of Algebra 292 (2005) 585–591 591Remark 6. The series of examples can be further extended to obtain nilpotent split
metabelian Lie algebras with a maximal abelian ideal of higher codimension. One can,
for instance, add vectors h3, . . . , hl (with l < k) to the basis B of nk,m and extend the
bracket by
[hj , xi] = xi−j , [hj , yi] = yi−j ,
for all 3 j < k and j < i  k. This yields a nilpotent split metabelian Lie algebra of di-
mension l +2k+2m, nilpotency class k+1, with an m+1-dimensional center, a maximal
abelian ideal of codimension l and without a grading.
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